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Abstract. We study the time evolution of a three dimensional quantum particle, 
initially in a bound state, under the action of a time-periodic zero range interaction 
£SJ , with "strength" a(t). Under very weak generic conditions on the Fourier coefficients 

of a(t), we prove complete ionization as t — > oo. We prove also that, under the same 
£^ . conditions, all the states of the system are scattering states. 
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In this paper we shall study the asymptotically complete ionization of a system given 
by a quantum particle interacting with a time-dependent singular potential in three 
c3 • dimensions. The Hamiltonian of the system is formally 



1. Introduction 



H(t) = H + H I {t) 

where Hq is a zero range perturbation at the origin of the Laplacian and Hj(t) is 



heuristically given by ct(t)8(x — r) where r£l 3 \ {0} and a(t) is a periodic function 
with period T. 

This kind of models have been widely studied (see e.g. [3EHH0EIIZIIH]) as toy models 
of more complicated physical problems, such as strong laser ionization of Rydberg 
atoms or dissociation of molecules. Indeed time-dependent point interactions are an 
interesting example of time-dependent perturbations that are not small in any sense 
with respect to the unperturbed Hamiltonian, so that time-dependent perturbation 
theory (and therefore Fermi's golden rule) can not be applied. On the other hand, since 
such models are solvable, namely all the spectral and scattering data can be explicitly 
calculated, the problem of asymptotically complete ionization can be studied in a non- 
pertubative way. Indeed one can explicitly prove that, starting at time t = from a 
bound state ip of the system, the survival probability 

\e(t)\ 2 = \^, t/(t,ov)| 2 

§ On leave from Dipartimento di Matematica, Universita di Roma, "La Sapienza" , Italy 



Decay of a bound state under a time-periodic perturbation 



2 



has a power law decay to zero as t — > oo (see (Hlllj and references therein). 
Essentially using Laplace transform techniques (for a review of the methods used, 
we shall refer to 0), we shall prove that the system shows asymptotically complete 
ionization under suitable generic conditions on the Fourier coefficients of a(t) and that 
the survival probability has a power law decay for large time. 

We stress the non-perturbative nature of the result. Indeed the complete ionization 
does not depend on the size of a(t) and it holds even if a(t) is very big (so that the 
time-dependent perturbation is small - in the sense of quadratic forms - with respect 
to the unperturbed Hamiltonian) or very small (so that the perturbation is large) or 
fast oscillating. Moreover the asymptotic behavior is independent of the period T. In 
particular there is asymptotically complete ionization, even if the period is very large, 
as for time-adiabatic perturbations. 

In Section 2 we shall introduce the model, the equations for the "charges" and their 
Laplace transforms, which will be the main objects under investigation. Applying 
analytic Fredholm theorem to such equations, in Sections 3,4 and 5 we shall identify 
the singularities of their solutions on the closed right half plane; in Section 6 we shall 
derive the main results about ionization. 



2. The model 



The model we are going to study describes a quantum particle subjected to a time- 
dependent zero range interaction. In absence of the time-periodic perturbation, the 
Hamiltonian describes a zero range interaction placed at the origin and of strength 
— 1/Att. This system has a bound state of energy —1 and normalized eigenfunction 

e -\x\ 

¥„(*) = -jf^ (2-1) 

V47T \X\ 



The remaining part of the spectrum is absolutely continuous and coincides with R + . 
The time-dependent perturbation is a zero range interaction placed at a point r ^ 
and with time-periodic strength a(t) with period T. 

The entire system is then described (see jT]) by the time-dependent self-adjoint 
Hamiltonian H(t), 

V(H(t)) = G L 2 (R 3 ) | 3 g«(t), q^ 2 \t) G C, 

ip x {x) = (*(x) - g (1) (t) G x {x) - q {2 \t) g x {x - r)) G ff 2 (M 3 )} (2.2) 
(if (f) + \)V(x) = ( - A + \)<p x (x) (2.3) 

where A is an arbitrary positive parameter. The "charges" (£) are determined by the 
boundary conditions 



Mo) = - 1 -^ q {1 \t)-g x (r) q v\t) 

^(r)^^^ q ^t)-g x (r) q ^ 



(2.4) 
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e -\/\\x— as' I 



and 

G x (x-x') 

4:7C\X — X'\ 

is the Green function of the Laplacian. 

It is well known (see HHJ HU UHl El) that the solution of the time-dependent 
Schrodinger equation 

i-^ = H{t)% (2.5) 
associated to the operator (|2.H|) is given by 

+ gP)(r) E7 (t-r;aj-r)l (2.6) 

where Uo(t) = exp(zAt), £/o(t; is the kernel associated to the free propagator and the 
charges q^\t) satisfy a system of Volterra integral equations for t > s, 



7T Js Jt \Jt~ O 

' dT sm =iV ^[' dT (wm (2.7) 



a/— Tli Js y/t — T Js y/t — T 



J s J T y/t - a 

+ 4v%» f d r = 4v^ /' *■ Wff) (2 . 8) 



y/t-T J s y/t-T 

We are interested in studying asymptotic complete ionization of system defined by (J27 
and (|2.5jl . starting by the normalized bound state (|2.1j) at time t = 0. Moreover we shall 
require that a(t) is a real continuous periodic function with period T, so that it can be 
decomposed in a Fourier series, for each t G M + , and the series converges uniformly on 
every compact subset of the real line. More precisely, in terms of Fourier coefficients of 
ot(t), we assume 

1. a(t) = ^2a n e- iwt , {«„} G t x (TL) 

2. Ct n Ci—n 

We now introduce a generic condition on a(t), that will be used later on. Let T be the 
right shift operator on ^(N), i.e. 

(Ta) n = a n+1 (2.10) 
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we say that a = {a n } G l 2 ^E) is generic with respect to T, if a = {« n } n>0 G ^(N) 
satisfies the following condition 



d = (1,0,0,...) G \/ rn " (2- 11 ) 



n=0 



For a detailed discussion of genericity condition see j3J. Notice that 



1 ' T 



a = -J a(t)dt (2.12) 
does not enter in the condition. 

By simple estimates on the sup norm of rj(t) = q^'(t) e~ bt , it is easy to prove that 
the charges q^(t) have at most an exponential behavior as t — > oo, i.e. asymptotically 
\q ij) (t)\ < A^K 

Therefore the Laplace transform of q^\t), denoted by 

POO 

qW(p) = / dte- pt q( j \t) 



exists ans is analytic at least for 3t(p) > bo. Hence, applying the Laplace transform to 
equations (|2.7|) and (|2.8j) . one has 

Q W (p) = --—r- z r= ~q {2 \p) + Fxip) (2.13) 

(27r)2r 1 - \J-ip 

4-TT p-V-ipr 

qW{p) = --^= V a k qV(p + iuk) + - === t\p) + F 2 (p) (2.14) 

where the explicit expression of i^(p) for the initial datum (|2.1j) is given by 
Fi{p) -- 

F 2 (p) -- 



1 + ip 



\/-ip r(l + ip) 

Let us start considering the system of equations ()2.13j) and ()2.14j) . for the specific initial 
datum (|2.1|) : analyticity at least for for 5i(p) > b suggests to choose the branch cut of 
the square root along the negative real line: if p = ge , 

VP=V~Q^ 12 (2-15) 

with — IT < $ < 71". 

Before dealing with the behavior of the solution, let us simplify the problem: setting 
qn\p) = q^\p + iuon) we obtain a sequence of functions on the strip X = {p G C, < 
Q(p) < lo} and setting qj(p) = {qn\p)} n &i equations ()2.13|) and ()2.14|) can be rewritten 

qi{p) = M 1 q 2 (p) + G 1 {p) (2.16) 
q 2 (p) = £ q 2 (p) + M 2 q x {p) + G 2 (p) (2.17) 
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Y g—ry/um—ip 

(Mt q) n (p) = -— == q n (p) (2.18) 

(27r)5r 1 - V^n - «p 



J ^—r^ijjn—vp 

(M 2 q) n ( P ) = — -i-j _ q n ( P ) (2.19) 

(27r) ar 47ra + y/um - ip 

4:71 

(£ g)» = == ^ a fc g n+fc (p) (2.20) 

k^O 



and Gj(p) = {tfn (p)}«ez with 



l^fr) - ; 2W2 l . (2.21) 
1 — uon + «p 



^(p) = 2.22 

r {Aholq + y/ujn — ip)(l — con + ip) 

3. Analyticity on the (open) right half plane 

Let us extend equations ()2.16|) and (|2.17|) on the whole open right half plane: we are 
going to prove that the solution exists and is analytic for dt{p) > 0. 
Let us start with some preliminary results: 

Proposition 3.1 For p G X, 9ft(p) > 0, M.j{p) are analytic operator-valued functions 
and M.j{p) are compact operators on 

Proof: Let us consider only A4i, since the argument does apply to M. 2 too. 
The analyticity of the operator is a straightforward consequence of the explicit expression 
()2.18|) . Moreover the operator M.\{p) is a multiplication operator in tiijl) and it is 
bounded and compact since 



g—r\/um—ip 



e t 2 m 



(27r)ir 1 - y/ojn - ip 

on the open right half plane: indeed the choice ()2.15|) for the branch cut of the square 
root implies K(^/u;n — ip) > 0, if 3?(p) > 0. □ 

Proposition 3.2 For p G I, 9ft (p) > ; £{p) is an analytic operator-valued function 
and £{p) is a compact operator on ^(Z). 

Proof: Analyticity for dt{p) > easily follows from the explicit expression of the 
operator. Moreover £{p) can be written 

£(p) = A(p)Y,a k T n+k 

fcez 
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4vrg n (p) 



where A{p) is the operator 

{A q) n {p) = A n (p) q n {p) _ 

AiraQ + y uon — ip 

and T is the right shift operator on ^(Z). Since ||T|| = 1, the series converges strongly 
to a bounded operator. Moreover A(p) is a compact operator for 3?(p) > 0: A(p) is the 
norm limit of a sequence of finite rank operators, because lim^oo A n (p) = 0. Hence the 
result follows e.g. from Theorem VI. 12 and VI. 13 of [T2]. □ 

Lemma 3.1 For each r, u E R + and for 3?(p) > 

1 



9 



-2r\/u)n~ip 



con — ip + 



< 



(27r) 3 r 2 1 — y'um — 
G Z. 

Proof: First of all we want to stress that the choice ()2.15|) for the branch cut implies 
that 3ft (yW - ip) > and $s(y/un - ip) < 0, if dt(p) > 0. 
Calling x = ^(y/um — ip), y = Q^um — ip) and 

^ e ~2r(x+iy) 



fr(x,y) 



3 



x + ly + 



one has 



-2r(ai+M/) 



(27r) 3 r 2 I — x — iy 



< 



(27r) 3 r 2 1 — x — zy 
1 



(27r) 3 r 2 |?/| 

and then f r (x,y) < 0, if |y| > [(27r) 3/,2 r] _1 . Moreover 

(27r) 3 r 2 [(l — x) 2 + y 2 ]y + e~ 2rx [ycos(2ry) — (I — x) sin(2ry)] 
f ^ X,y > = (27r) 3 r 2 [(l-x) 2 + y 2 ] 

and the claim is true if x > 1, since sin(2n/) < and cos(2ry) > 0, for y > — [(27r) 3 / 2 r] _1 . 
Hence it is sufficient to prove that f r (x,y) < on the set 

R = {( x ,y) e R 2 \x < l,-[(27r) 3/2 r] _1 < y < 0} 



Now set 



and consider 



9r(x,y) = 



i2nfr 2 [(l-x) 2 + y 2 ]f r {x,y) 



& = 2(27r) s rV 
dy 



-2e 



— 2rx 



r sin(2ry) + 



r(l — x) cos(2ry) (1 — x) sin(2n/) 
y 2y 2 



Since, for (x,y) E -R, 2e rsin(2r|y|) < 2(27r) r \y\ and 2rycos(2ry) < sin(2ry) the 
partial derivative of g r with respect to y is always negative in R. Thus 

g r (x,y) > g r (x,0) > 
In conclusion g r (x,y) > and then f r (x,y) < 0, W(x,y) E R. D 
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Proposition 3.3 The solutions q^\p), j = 1,2, of \2.VJi) and \2.1J^ are unique and 
analytic for 9ft (p) > 0. 

Proof: Since Gi(p) G ^(Z) is analytic on the right half plane and thanks to 
Proposition ^. 11 we can substitute ()2.16|) in (|2.17|) and consider only the second equation. 
So that ()2.17j) now read 

q 2 (p) = [£ + M 2 M 1 ] q 2 ( P ) + M 2 G l {p) + G 2 (p) (3.1) 

Then the key point will be the application of the analytic Fredholm theorem (Theorem 
VI. 14 of [12]) to the operator £'{p) = £ + M 2 Mi, in order to prove that (/ — £'(p))~ l 
exists for 3ft (p) > 0. 

So let us begin with the analysis of the homogeneous equation associated to (|3.1|) . 
q(p) = C'(p) q(p) 

and suppose that there exists a nonzero solution Q(p) = {Q n (p)}nez- Multiplying both 
sides of the equation by Q* n and summing over n G Z, we have 

1 



E 

nez 



-2r^fum— ip 



con — ip + 



(27r) 3 r 2 1 — ^Jijjn — ip 



\Qr 



-ill 22 Qn a k~n Qk 



n,kdi 



but, since the right hand side is real, because of condition 2 in (J2.9)) . it follows that 



3 



E 



'tun — ip + 



(2ir) 3 r 2 1 — y/um — ip 



\Qr 







and then, by Lemma f3. 11 Q n = 0, Vn G Z. 

Since there is no nonzero solution of the homogeneous equation associated to ()3.1|) and 
£ is compact on the whole open right half plane, analytic Fredholm theorem applies and 
the result then easily follows, because A4 2 Gi(p) + G 2 {p) G d 2 (1) and, for each n G Z, 
[M 2 Gi(p) + G 2 (p)] n is analytic for 3ft(p) > 0. □ 



4. Behavior on the imaginary axis at p ^ 

The equation for q 2 (p) can be written 

(4™ + c n (p)) qg)(p) = -47r5>?2*(P) + fM(p) 



where 



c n (p) = y/ujn-ip + 



-2r^J uin—ip 



2U2tx 



(27r) 3 r 2 (l — y/un — ip) 



(27T)* - 1 „-r 



r(l - tun + ip) L (27r) 
and it is clear that the solution may have a pole where 

g— 2r v / um— ip 



g ■ V^n-ip _ e -r 



4:7iao + \/ un — ip + 



(27r) 3 r 2 (l — y/ujn — ip) 



(4.1) 



(4.2) 
(4.3) 
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(2) 

and that the coefficients of the equation for q$ fail to be analytic at p = i: for p G X, 
5i(p) = 0, and n G Z, the unique solution of 1 — -^/urn — ip = is p = i, n = 0. 
In the following we shall see that in fact the solution is analytic on the imaginary axis 
except at most some singularity at p = 0. Let us start considering the position of the 
eventual pole: 

Lemma 4.1 Assume that «o in 112. 12]) is non negative. Then there exists a unique 
iio6N and a unique po G X, 9?(p) = 0, such that 

e -2r^ojno-ipo 

4vra + \fum -ipQ + , = 

(27r) 3 r 2 (l - y/ujn - tp ) 

Moreover Vn 6 Z, n< and Vp G X, 9?(p) = ; 



9 



47ra + a/ cm — ip + 



> 



(27r) 3 r 2 (l — i/cun — ip) 
Proof: Let us first consider the second statement: on the strip X and for n < 0, 



y/oon — ip = zA, with A 6 R, A > 0. Hence 

^. , \ \ \ (27r) 3 r 2 (l + A 2 )A + Acos(2rA) -sin(2rA) 

" (C " (iA)) = (27r) 3 r 2 (l + A 2 ) 

and following the proof of Lemma \'d. 11 it can be easily proved that the expression above 
is positive VA G M + . On the other hand, if n > and p G X, 3?(p) = 0, ^/am — zp = A, 
with A > 0, and, Vr, u; G M + , the equation 

(27r)V(47ra + A)(A-l) = e~ 2rX 

has a unique solution for A G M + . Then, since there exists a unique p G X, 3?(po) = 0, 
such that, for fixed A G M + , the equation p = i(A 2 — um ) is satisfied for some no G N, 
the proof is complete. □ 

Lemma 4.2 Assume that ao in \2.12}) is non negative and that {a n } satisfies i2.fy) 
and the genericity condition with respect to T 112.11)) . Then the solutions of \2.13\) and 
\2. 14\) are unique and analytic on the imaginary axis forp ^ 0,i,p . 

Proof: Since for p G X, 3?(p) = 0, and p ^ 0, i,po, the coefficients of equation (|2.16|) 
and (j2.17j) are analytic (see Lemma EU} and belong to ^(Z) and since the operators 
C,A4i and M.2 are still compact on the same region, it is sufficient to show that the 
homogeneous equation associated to (j4.1|) has no non zero solution, in order to apply 
analytic Fredholm theorem. 

If Q n is such a non zero solution, following the proof of Proposition ^. 31 we immediately 
obtain the condition 



un — ip + 



g— 2r v / om— ip 



(27r) 3 r 2 1 — y/ujn — ip 



\QnV£ 
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and then Lemma 14.11 guarantees that Q n = 0, Vn < 0. Now let n\ G N be such that 
Q ni 7^ 0. For n< ni, one has J2T= ni a k-nQk = or, setting k = ri\ — 1 + k', for n > 0, 

oo 

Qk'+nQm-l+k 1 = 

k'=l 

and then, for each n > 0, 




where Q' n = Q* ni _ x+n and (• , •) stands for the standard scalar product on ^(N). Finally 
the genericity condition (|2.11|) implies that Q[ = Q* ni = 0, which is contradiction. Hence 
Q n =0,VneZ. □ 

Proposition 4.1 Assume thata^ in \2.12]) is non negative and that {a n } satisfies \2. fy) 
and the genericity condition with respect to T \2.11)) . Then the solutions of \2.13\) and 
\2.1Jj\j are unique and analytic on the imaginary axis except at most at p = 0. 

Proof: In the first part of the proof we are going to consider only the equation (|4.1j) 
for q 2 (p) and we shall extend then the results to q±(p). 

In order to prove analyticity of the solution we need to analyze the behavior of the 
solution of (|4.1j) in a neighborhood of p = po (see Lemma f4.1|) and p = i separately and 
show that it has no singularity, while, for p G X, 3ff(p) = 0, and p ^ i,Po, the result 
follows from Lemma f4. 21 

Let us look for a solution of (|4.1j) of the form (for simplicity we are going to omit the 
index 2) 

qn u n -\- v n q no 

for n 7^ n : q n satisfies (|4.1j) if and only if {u n }, {v n } G li^L \ {n }) are solutions of 

c n {p) u n = -4vr ak-nUk + fn 2 \p) (4-4) 

c n {p) v n = -4tt Y a k~ n v k ~ 4vra no _ n (4.5) 

Existence of non-zero solutions of the homogeneous equations associated to ()4.4|) and 
(14. 5|) can be excluded because of the genericity condition as in the proof of Lemma 14.21 
and then, since the coefficients of the equations above are analytic in a neighborhood 
of po and belong to ^(^ \ {^o}), {u n }, {v n } G ^(^ \ {^o}) are analytic in the same 
neighborhood. 

Moreover q no satisfies the equation 

Uk + f n 2 J(p) 

fcez fcez 
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It is then sufficient to show that 



^2a k _ no v k (p ) ^ 

fcez 



Let us suppose that the contrary is true: calling V n = v n (po), multiplying equation (|4.5J) 
at p = p by V* and summing over n G Z, n ^ n , one has 



E 

n^no 



■\Jujn- ip + 



-2r^Ju)n— ipo 



(27r) 3 r 2 (l — ^ujn — ipo) 



\Vn\ 



-47T K a k-nV k 



Using condition (|2.9|) and the genericity condition (j2.11j) . as in the proof of Lemma f4.2[ 
one obtain V n = 0, Wn G Z\ {n }, but this is impossible since V n satisfies equation ()4.5|) . 
This concludes the proof of analyticity of qz(p) in a neighborhood of p = po. In the 
same way it is possible to conclude that q2 (p) is also analytic at p — i. 
It remains to study the behavior of qi(p) and in particular to analyze q^\p) in a 
neighborhood of p = i, where it may have a pole (see equation ()2.16|0 : from (|4.1j) 
one has 



(27r) 3 r 2 



gi 2) (0 



2ZV27T 



r 



(2tt)5 -1 
(2vr)I 



and then q$ (i) =i\Jl-n. □ 

Remark: Proposition 14. II holds even if cto < 0. The proof can be given in the same 
way but it is slightly more complicated, because Anao + c n {p) in Lemma 4.1 could vanish 
in two points instead of one. Nevertheless the argument contained in Proposition 4.1 can 
be applied once more, in order to exclude the presence of the corresponding singularity 
of the solution. 



5. Behavior at p = 

We shall now study the behavior of the solution of ()2.16|) and (j2.17J) in a neighborhood 
the origin. With the choice ()2.15j) for the branch cut of the square root, it is clear that 
we must expect branch points of q^'{p), solutions of ()2.13|) and ()2.14|) . at p = icon, 
n G Z, which should imply a branch point at p = for each q„ . 

We are going to show that the solutions of ()2.16|) and ()2.17|) have a branch point 
singularity at the origin. 

Proposition 5.1 

If { a n} satisfies and \2.11\) (genericity condition), the solution of the system 

\2.1ty) . \2. 14\) has the form q^\p) = Cj(p) + dj(p)y/p, j = 1,2, in an imaginary 
neighborhood of p = 0, where the functions Cj(p) and dj{p) are analytic at p = 0. 

Proof: The resonant case, namely if, for some iV G N, u = 1/N, and the non- 
resonant one will be treated separately. 
1) Non-resonant case 
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Setting q n = u n + v n q , n 7^ in (|4.1|) . one obtains the following equations for {«„}, 

K}g£ 2 (z\{o}), 

c n {p) u n = -47r^a fc _ n M fc + g£\p) (5.1) 

k^O 

c n {p) v n = -47r^a fc _ n f fc - 4vra_ n (5.2) 
fc^o 

If, for every n G Z, c n (0) 7^ — 47ra , using the genericity condition, it is easy to prove 
that {u n }, {v n } G £ 2 (Z \ {0}) are unique and analytic at p — 0. On the other hand if 
the condition above is not satisfied and there exists N\ G Z such that 

47ra + v^iVi + 7=7 = 

one can repeat the trick, setting for example v n = u' n + v' n VN 1 for n 7^ N\, and prove 
that in fact {u n } and {f„} are still analytic in a neighborhood of p = 0. 
Thus it is sufficient to prove that q , which is solution of 

|4vra + Co(p) + 4vr ^a fc f fc | g (p) = -47T J^afcii* + / (2) (p) 
feez fcez 

has the required behavior near p — 0. First, setting u° = t> n (p = 0), we have to prove 
that 

but, assuming that the contrary is true and multiplying both sides of equation (|5.2|) . 
with rio = 0, by and summing over 11 6 Z, n ^ 0, one has 

J^v 7 ^ |w°| 2 = -4tt ^ u°*a fc _ n ug + 4vra + 

n£Z n,k& ^ ' 

n^0 n,fc^0 

The right hand side is still real so that, assuming that the genericity condition is 
satisfied by {a n } and applying the argument contained in the proof of Proposition 
14. 1| we immediately obtain {t>°} = 0, which is a contradiction, since {v®} solves 1)5.2)) . 
The result for q^ follows then directly from the equation for qo, since e~ 2rv/ ~^ has a 
branch cut along the negative real line. The extension to q^ is thus trivial. 
2) Resonant case 

As before let us look for a solution of ()4.1)l of the form q n = u n + v n q , n 7^ 0, so 
that {«„}, {v n } G £ 2 (Z \ {0}) solve JOJ and Q with = 1/JV. Multiplying both 
sides of (15.1)1 and ()5.2)) for n = iV by 1 — n/N — ip, one sees that and vn have no 
pole singularity at p — 0. On the other hand, if there exists iVi G Z such that 



47ra + * / — H = 

V N (27r) 3 r 2 (l - ^/NjN) 



Decay of a bound state under a time-periodic perturbation 



12 



the solutions could have a pole at p = 0, for n — N\ (the expression above guarantees 
that N\ 7^ N). Nevertheless, repeating the above procedure for n — Ni, it is easily seen 
that in fact {u n }, {v n } G £z(Z \ {0}) are both analytic in a neighborhood of p = 0. 
The behavior of near p = is then proved like in the non-resonant case, but we have 
now to take care about q^\ since the coefficient in Ai± for n = N (see the definition 
(12.18(0 has a pole at p — 0. But from (j4.1J) one has 

e -2r^jN^ P [( 27r ) 
On V / 



(27r) 3 r 2 



r(l + ^/n/iV) 



f2vr)l 



'n/JV _ — r 



so that q ( i\0) = i\f2-K. □ 



6. Complete ionization in the generic case 

Summing up the results about the behavior of the Laplace transforms q^\p), j 
we can state the following 



1,2, 



Theorem 6.1 If {a n } satisfies and the genericity condition \2.11\) with respect to 
T , as t — >• oo ; 

|g (i) (t)| <A,-r§ +Rj{t) (6.1) 

where Aj > and Rj(t) has an exponential decay, Rj(t) ~ Cje~ B]t for some Bj > 0. 
Moreover the system shows asymptotic complete ionization and, as t — > oo ; 



^a(0) 



^ 1 



<D£ 



E(t) 



where D > and E(t) has an exponential decay. 

Proof: Propositions E£Bl I4.ll and I5.ll guarantee that q(p) is analytic on the closed 
right half plane, except branch point singularities on the imaginary axis at p = ium, 
n G Z. Therefore we can chose a integration path for the inverse of Laplace transform of 
q(q) along the imaginary axis like in [3] and the result is a straightforward consequence 
of the behavior of q^\p) around the branch points given by Proposition I5.ll (see e.g. 
the proof of Theorem 3.1 in 

The Laplace transform of 6(t) can be expressed in the following way (see e.g. Proposition 
2.1 in jH!) 

6(p) = Z(p) + Z x {p) qW(p) + Z 2 (p) q®(p) 

where Z(p) is analytic on the closed right half plane and Zj(p) has only a branch point 
at the origin of the form aj + bj^/p. Hence 9(p) has the same singularities as q(p) and 
then its asymptotic behavior coincides with that of q(t). □ 

In the following we shall prove a stronger result about complete ionization of the 
system, namely that every state ^ G L 2 (M 3 ) is a scattering state for the operator H(t), 
i.e. 

1 f* 

lim-/ dr \\F(\x\ < R)U(t,0)V\\ 2 = (6.2) 

t-*oo t Jq 
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where F(S) is the multiplication operator by the characteristic function of the set 5cl 3 
and U(t, s) the unitary two-parameters family associated to H(t) (see (I2.5|0 . 
In order to prove ()6.2j) . we first need to study the evolution of a generic initial datum 
in a suitable dense subset of L 2 (R 3 ) and then we shall extend the result to every state 
using the unitarity of the evolution defined by (|2.5jl (see e.g. Pj). 

Proposition 6.1 Let \1/ G C^°(IR 3 \{0, r}) a smooth function with compact support away 
from 0, r and q^'(t) be the solutions of equations \2. 7| ) and with initial condition 
= ty. If {a n } satisfies i2.y\) and the genericity condition H2.ll)) with respect to T , 
as t — > oo, 

|g 0) (*)l <Ajt-$ +Rj(t) (6.3) 
where Aj > and Rj(t) has an exponential decay, Rj(t) ~ Cje~ B]t for some Bj > 0. 

Proof: The estimate on the behavior for large time contained in Section 2 still 
applies, so that q^\p) is analytic with dt(p) > bo. 

Hence we can consider the Laplace transforms of equations ()2.7j) and (j2.8|) . which have 
the form (EHoT) and (l2~T7J) with 



G x {p) = J- [ dte~ pt [ d 3 k^(k)e- 

V 7T J J R3 

G 2 (p) = J- [ dte~ pt [ d 3 k *(fc) e ~i(k 2 -k-r)t 



where if>(k) is the Fourier transform of 

Since for every smooth function \1/ with compact support, ^(fe) is a smooth function 
with an exponential decay as k — * oo, so that Gj(p) has the same singularities as in the 
case already studied, i.e. a branch point at the origin of the form a(p) + b(p)y/p. □ 

Theorem 6.2 If {a n } satisfies \2. .9)) and the genericity condition i2.ll)) with respect to 
T , every \I/ e L 2 (IR 3 ) zs a scattering state of Hit), i.e. 



1 



Urn- / dr \\F(\x\ < R)U(t,0)V\\ 2 = 







Moreover the discrete spectrum of the Floquet operator associated to H(t), 



is empty. 



Proof: The proof follows from unitarity of the evolution and the explicit expression 
(|2.6|) . together with Proposition ^. II fsee the proof of Theorem 3.2 in The absence of 
eigenvalues of the Floquet operator is a straightforward consequence: every eigenvector 
of K is of the form e l/3t x{&, t), where (3 G R and \ is periodic in time, hence it can not 
satisfy JOJ- □ 
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